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episode  episode  ……
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RR & LL

Differential equationsDifferential equations
by means of DistributionsDistributions
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PERCUSSION

short circuit

” ideal source ”
but  for a null time !!!

INPUT
“ ideal source ”

propagationpropagation

1

2

2  stages mystery  . . .2  stages mystery  . . .

vRvR

ff(( vRvR , filter coeffs ))
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Have told us

everything ?

No,  No,
there is also

the  S.A.R.C.S.A.R.C.

Semi-analytical recursive algorithms for convolutio n calculations
W. Janke G. Blakiewicz
Department of Electronics,  Technical University of  Gdansk,  Poland
IEE Proc. Circuits Devices Syst., Vol. 142 , No. 2,   April  I995



TI INFORMATIONTI INFORMATION
Selective Disclosure6

JacquesJacques MEQUINMEQUIN
NICE  NICE  EWTBUEWTBU /  DTE/  DTE

2012 2012 j-mequin @@ti.com

STATE   MODELSTATE   MODEL

LTLT II systemsystem
block diagramblock diagram

multiple multiple inputsinputs / multiple multiple outputsoutputs ( MIMOMIMO )

MATRICESMATRICES & VECTORSVECTORS
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Rudolf (Rudy) Emil Kálmán
born May 19, 1930 

awarded in 2009 by 
President Barack Obama with the 

National Medal of Science

In the 60’s, based on KKáálmlm áánn research ,

the State ModelState Model approach has been fully extended

and used, for examples, on the ApolloApollo and Polaris Polaris projects

EE X = A X + B U
Y = C X + D U

It also exists, for singular systems, a “ generalized state representationgeneralized state representation “
EE is called the “ derivativederivative ” matrix

for nonnon --singularsingular systems   EE =  I dentity

For a given system , the  transfer functiontransfer function output / input is unique

but multiple set of  A, B, C, D matrices can be expressed

possibly corresponding to different orders  orders  ( and thus different number of polespoles !!! )

But, the minimal orderminimal order only corresponds to the A matrices   that enforce both

ControllableControllable and Observable Observable KKáálmlm áánn criteriacriteria
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system “ externalexternal ” VIEW    the transfer function expression is unique

1 pole :   -2

The  output  / input differential equation

2 poles: -2 , -1

system “ internalinternal ” VIEW state equation

3 poles: -2 , -1 , 2

one of the possible ““ notnot minimalminimal ”” statestate equation

x = x = x = x = [ - 2 ] x x x x + [ 1 ] uuuu

1 pole: -2

““ minimalminimal ”” statestate equation

.

matrix A

polepole --zero zero cancellationscancellations
has occurred
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A                   B

A                   B

C

C

EquivalentEquivalent STATE  STATE  equationsequations

LOOP
currents

L current

C voltage

STATEs can be:
L current , C voltage , LOOP current ,

NODE voltage , L flux , C charge , etc …
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????

STATESTATE
equivalenceequivalence transformationtransformation

Z = T X X = T Z

X = A X + B U

Y = C X + D U

Z = A Z + B U

Y = C Z + D U

A = T A T B = T B

C = C T D = D

~ ~

~ ~

~ ~

~~

-1

-1

-1

Algebraic Equivalence
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A state MATRIX
B input MATRIX
C output MATRIX
D direct transmission MATRIX

( or feedthrough , feedforward )

X state VECTOR

U input (or control ) VECTOR
Y output VECTOR

STATE equation

OUTPUT equation

WITH

This formalismThis formalism really highlights the  LLinear inear TTime ime IInvariantnvariant terminologyterminology

It is mostly used by the It is mostly used by the ““ automatismautomatism ““ world    ( world    ( ““ control commandcontrol command ”” ))

STATE   MODELSTATE   MODEL

vector of  signalssignals
having derivativederivative
due todue to inductance

or  capacitance
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DIMENSIONSDIMENSIONS

VECTORS

VECTORS

MATRICES

MATRICES
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XX = A XX + B U

Y = C XX + D U

STATESTATE equation

OUTPUTOUTPUT equation

not easy to compute   ( searching  XX involves a “ convolutionconvolution ” )

order of matrix AA is nearlynearly related to the number of Inductances and Capacitances

trivial to compute as soon as  XX is known

able to return any voltage or current node similarly to Kirchhoff Kirchhoff / / OhmOhm
order of vector YYdepends on the number of expected observed values

When order ≠≠≠≠ number energyenergy --storingstoring elements the network is called “ degenerate networkdegenerate network ”

The order of complexity of any network equals the total numbe r of energyenergy --storingstoring elements
minus the number of all-capacitor “ loopsloops ” and the number of all-inductor “ cutcut --setssets ”
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L1                    =    - R1 iL1(t) - vC1(t) +  u(t)

C1                    =          iL1(t)

STATE  MODEL

d iL1(t)

d t

d vC1(t)

d t

x(x(tt )) =  =  AA x(x(tt )) +  +  BB u(u(tt))

y(y(tt )) =  =  CC x(x(tt )) +  +  DD u(u(tt))

d iL1(t)

d t

d vC1(t)

d t

R1      1         iL1(t) 1

L1      L1 L1

1        0        vC1(t) 0

C1

=                               +             u(t)

x(x(tt )) AA x(x(tt )) BB

- -

inductanceinductance currentcurrent

capacitancecapacitance voltagevoltage

impedanceimpedance
componentscomponents22
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vR1(t) = R1 iL1( t)

Now,  let’s suppose that
for the y( t ) output vector

we want to observe vR1(t) R1 iL1(t)

0           vC1(t)
vR1(t) = + 0 u(t)

y(y(tt )) CC x(x(tt)) D  D  u(u(tt))

The resultingThe resulting 44 matricesmatrices A B C DA B C D are intrinsicallyintrinsically characteristic of our circuitcircuit

AA =                                BB =                      CC =                    DD =      0

R1       1                        1  

L1       L1 L1

1         

C1   
0                        0                        0

- - R1

from the
schematic
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What is the rational behind What is the rational behind 

transfer functiontransfer function denominatordenominator ??????

the STATE MODELSTATE MODEL

is giving us the opportunity to 

answer to the frightening questionfrightening question :



TI INFORMATIONTI INFORMATION
Selective Disclosure17

JacquesJacques MEQUINMEQUIN
NICE  NICE  EWTBUEWTBU /  DTE/  DTE

2012 2012 j-mequin @@ti.com

In other words ,  are they meaningful as well, for example, to the  LaplaceLaplace “ss” domain

X( tt )  � X( ss )

X( tt )  � ss X( ss )

s s X( ss ) =  A X( ss ) + B u( ss )

Y( s s ) =  C X( ss ) + D u( ss )

derivatederivate
= H( ss )  =

Y( ss )

u( ss )
C ( ss IIIIIIII – A ) B +   D

H( s ) =  
C [ cof ( ss IIIIIIII – A ) ] B + D Q( ss )

Q( ss ) 

with Q( ss ) = det( ss IIIIIIII – A )   Characteristic Polynomial of matrix A

--11

T

We claimed that the We claimed that the 44 matricesmatrices A B C DA B C D areare characteristic ofof thethe circuitcircuit

does that means that they aredoes that means that they are independent independent of theof the ““ processing domainprocessing domain ”” ??????
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This implies that the zerozero ss of this Characteristic Polynomial of matrix  A

Q( ss )   =   det( ss IIIIIIII – A )      are  alsoalso the POLEsPOLEs of H( ss )

and so . . . the POLEsPOLEs of H( ss ) are from the expression of  Q( ss )

the EigenEigen values  values  of  matrix A ( “ valeursvaleurs proprespropres ” in french )

AA = 

R1       1 

L1       L1

1         

C1   
0 

- -

EigenEigen valuesvalues

POLEsPOLEs of the  Transfer FunctionTransfer Function H( ss )
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Q( ss )  =       det(   ss IIIIIIII – A   )

Q( ss )  =

If you remember,If you remember, this is effectively 
coherentcoherent with what we have found 
for the ”” denominatorsdenominators ”” when 
we used the Kirchhoff Kirchhoff laws
to compute LaplaceLaplace Transfer FunctionsTransfer Functions

AA = 

R1       1 

L1       L1

1         

C1   

0 

- -
Characteristic Polynomial of matrix A

=

please noteplease note that such theoretical theoretical 
denominatordenominator expression

is literallyliterally ( ( ss –– p1p1 ) ) ** ( ( ss –– p2p2 ))

and thus has an unit s s coefficient
2
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So, what have we learned  ???

The polynomial that,  for a given circuitfor a given circuit,  
sounds “ strangelystrangely ” reappearing on the denominator denominator of its various of its various 
output  output  Transfer Functions  Transfer Functions  is getting a justification based on the

Characteristic Polynomial of the STATE matrix A

which is independent of the observedobserved OUTPUTOUTPUT

vr1vr1

il1il1

vc1vc1

SoSo The expression “ Characteristic Polynomial ” is therefore taking its 
full sense since it truly characterizescharacterizes the INTRINSIC STATEINTRINSIC STATE of the circuit
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For the fun,For the fun, letlet ’’s verify that thes verify that the State ModelState Model vR1( ss ) Transfer FunctionTransfer Function

is effectivelyis effectively
the same than the same than 
the one found the one found 
withwith KirchhoffKirchhoff AA =                                BB =                     CC =                 DD =    0

R1       1                        1  

L1       L1 L1

1         

C1   
0                        0                       0

- - R1

vR1( ss )

u( ss )

C [ cof ( ss IIIIIIII – A ) ] B + D Q( ss )

Q( ss ) 

T

=

Q( ss ) = [ cof ( ss IIII – A ) ] =
T

transposetranspose of the MATRIX of cofactorscofactors

QED  !!!QED  !!!
vR1( ss )

u( ss )
=
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STATE   MODELSTATE   MODEL

expression( expression( tt )              x( )              x( tt ))??
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convolutionconvolution integralintegral
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h

h

δδδδ diracdirac

1

h

1

h

δδδδ diracdirac

shiftedshifted

IMPULSEIMPULSE responseresponse

IMPULSEIMPULSE responseresponse
( RLC very slowvery slow decaydecay example   example   ))
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h

filterfilter

INPUTINPUT

h h h h

IMPULSE  IMPULSE  
responseresponse

IMPULSE  IMPULSE  
responseresponse

IMPULSE  IMPULSE  
responseresponse

IMPULSE  IMPULSE  
responseresponse2h

3h

t

convolution convolution 

uncontrolleduncontrolled / / unrelatedunrelated sourcessources
&

superposition superposition 

filterfilter
OUTPUT( OUTPUT( tt ))
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filter filter ““ startedstarted ”” at at time 0time 0
is nowis now

atat t t 

filter filter ““ startedstarted ”” laterlater

. . . . . .

filter filter ““ startedstarted ”” NOWNOW
is is atat

itsits originorigin

IMPULSE  IMPULSE  
responseresponse

INPUTINPUT

OUTPUTOUTPUT

CONVOLUTIONCONVOLUTION

00

tt

+ +

each input      energy spike is superposing

a corresponding Impulse  ResponseImpulse  Response
h

tt tt

tt

history persistencehistory persistence

*∆∆∆∆t *∆∆∆∆t *∆∆∆∆tαααα ββββ γγγγ
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Unfortunately,Unfortunately,

brut force brut force convolutionconvolution numerical usage is numerical usage is unlikelyunlikely

unknown input signal function u( t ) prevents direct integration

sample based discrete numerical evaluation is very resource consuming

����

����

impulse responseimpulse response

input signalinput signal

storage
at n

storage
at n + 1

0     1    2      3                                             n

0     1    2      3                                             n n+1

impulse responseimpulse response

input signalinput signal

multiplications & summation

∆∆∆∆t*
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STATE   MODELSTATE   MODEL

x( x( tt )           x( )           x( tt + + hh ))

expression( expression( tt )         x( )         x( tt ))

??
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Recursive Recursive Convolution Convolution Formula   ( Formula   ( RR CC FF ))
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new u( t ) =  0                        effective contribution from u( t )
STATESTATE “ freefree ” mode                                “ forcedforced ” mode

at  t sincesince STATESTATE t sincesince STATESTATE t
0 0

STATESTATE matrix  A

STATE  MODELSTATE  MODEL ““ time domaintime domain ”” evolutionevolution

The Transition MatrixTransition Matrix can be calculated

by searching individual matrix coefficient Inverse Laplace TransformInverse Laplace Transform
OR   OR   globally through analytic analytic oror approximate  approximate  matricialmatricial methodsmethods
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STATE   MODELSTATE   MODEL

x( x( tt )            x( )            x( tt + + hh ))

expression( expression( tt )         x( )         x( tt ))

?? expression(expression( tt ))
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ee = IInversenverse LLaplaceaplace TTransformransform { KK } withwith KK == ss II –– AA
- 1AA tt

A = K = K =
- 1

ee =                                 =
AA tt

Characteristic  MatrixCharacteristic  Matrix
of  matrix A

transformed matrix is a symbolic “ time domain ” expression of 

example: calculation based on IInverse nverse LLaplace aplace TTransform  ransform  method
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diagonalizationdiagonalization JORDAN                         JORDAN                         triangularizationtriangularization

upper-triangular
strictly upper-triangular ( nilpotentnilpotent propertyproperty )

MATRIXMATRIX decompositiondecomposition

bibi --diagonal

diagonal

A = M ФФ M

f( A ) = f( M ФФ M )

f( A ) = M f( ФФ ) M
similarity similarity matrixmatrix ФФ

-1

-1

-1

Schur form

A may not be
diagonalizable

( defectivedefective matrixmatrix )

diagonal

diagonal
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=

A = JordanJordan =                    =

that could be rewrittenthat could be rewritten
based on the polesbased on the poles p1p1 && p2p2

p1 0

0 p2

M =

even with even with complexcomplex polespoles ,, A A real real �������� transitiontransition matrixmatrix realreal

( that are conjugatesconjugates )

similaritysimilarity transformtransform

transition transition matrixmatrix

example: calculation based on JordanJordan ( ( even if this AA is directly diagonalizablediagonalizable ))



TI INFORMATIONTI INFORMATION
Selective Disclosure35

JacquesJacques MEQUINMEQUIN
NICE  NICE  EWTBUEWTBU /  DTE/  DTE

2012 2012 j-mequin @@ti.com

p1p1 & p2p2 conjugatesconjugates

rr =                  =

v v = zz ww = z  f z , =

p1p1 + p2p2

2 

Either way …
letlet

poles
“ distance”

p1p1 – p2p2

2

pp = r  r  ± v  = rr ± z z ww

r    r    realreal
z   z   11 or iiiiiiii
w  w  realreal > 0> 0

rr must be must be 

negativenegative
for for stabilitystability

Inverse Laplace Transform or Jordan
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EulerEuler

< 0      z = %i< 0      z = %i

vv =

vv =

> 0       z = 1> 0       z = 1

v v =

= 0       z = = 0       z = dondon ’’t caret care ∞∞∞∞∞∞∞∞

Those expressions are clearly highlighting the intrinsicintrinsic influence influence of the Transition Transition MatrixMatrix

on the overall   statestate behavior    regardlessregardless of the system system input  input  activationactivation

exponentialexponential

periodicperiodic

decaydecay pulsationpulsation

natural frequency



TI INFORMATIONTI INFORMATION
Selective Disclosure37

JacquesJacques MEQUINMEQUIN
NICE  NICE  EWTBUEWTBU /  DTE/  DTE

2012 2012 j-mequin @@ti.com

Nineteen Dubious Ways to Compute the Exponential of  a Matrix, Twenty-Five Years Later

Cleve Moler , Charles Van Loan
SIAM review 1978 and then 2003

1 Taylor series

2 Padé approximation

3 Scaling and squaring

4 Chebyshev rational approximation
5 General purpose ODE solver
6 Single step ODE method
7 Multistep ODE solver
8 Cayley - Hamilton
9 Lagrange interpolation

10 Newton interpolation
11 Vandermonde matrix

12 Inverse Laplace transform

13 Companion matrix
14 Eigenvectors
15 Triangular systems of eigenvectors

16 Jordan canonical form

17 Schur decomposition

18 Block diagonal matrix
19 Splitting method
20 Krylov space methods     ( added in 20032003 )

academic

academic

not  e specialized
x



TI INFORMATIONTI INFORMATION
Selective Disclosure38

JacquesJacques MEQUINMEQUIN
NICE  NICE  EWTBUEWTBU /  DTE/  DTE

2012 2012 j-mequin @@ti.com

-2

 0

 2

 4

 6

 8

 1 0

 1 2

 1 4

 1 6

 1 8

 2 0

-1 -0 . 5  0  0 . 5  1  1 . 5  2  2 . 5  3

Henri  Padé (1863 – 1953)

Brook  Taylor   (1685 – 1731)

e
xxxx

≈≈≈≈

e
zzzz

. . .

TaylorTaylor

PadPadéé

expexporder 3

series developmentseries development

approximationapproximation

≈≈≈≈

““ Padé approximantsapproximants ”” order 3order 3

““ continued fractioncontinued fraction ””
form

““ Tailor seriesseries ”” order 3order 3

TailorTailor PadPadéé

“ approximant “ error

““ rational fractionrational fraction ””
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STATE   MODELSTATE   MODEL

x( x( tt )            x( )            x( tt + + h h ))

expression( expression( tt )         x( )         x( tt ))

??

expression( expression( tt ))

unknownunknown inputinput u(u( ττττττττ )) approximationapproximation
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Semi Semi Analytical Analytical Recursive Recursive ConvolutionConvolution algorithm   ( SARCSARC )
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order n = 11 u( ττττ ) is approximated on the intervalinterval [ t - h , t ] by a    slopeslope

order n = 00 u( ττττ ) is approximated on the intervalinterval [ t - h , t ] by a     constantconstant

Lagrange Lagrange polynomialpolynomial

with

t - h t

u(ττττ )

t - h t

u( t - h )

u( t )
u(ττττ )

etc etc ……
interpolationinterpolation errorerror ξ  ξ  ξ  ξ  ∈∈∈∈ [[[[ τ  τ  τ  τ  , , , , τ  τ  τ  τ  ]]]]0 n

ΟΟΟΟΟΟΟΟ ( h )nn ++ 11

interpolation pointsinterpolation points

nn ++ 11

h

2
errorerror

2

t - h t

u(ττττ )
S0B

S0E

S1

u( t - h )
u( t )

with
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a h

ΦΦΦΦ - 1

a h

ΦΦΦΦ - 1

e
a t

e
- a ττττ u t dττττ

t - h

t

ΦΦΦΦ = e
a h ΦΦΦΦ - 1

a
u t

e
a t

e
- a ττττ

u t - h dττττ
t - h

t

t - ττττ
h

ττττ - (t -h)

h
+ u t

order  0order  0 order  1order  1

ΦΦΦΦ -
a 

u t - h
1

- 1
a 

u t
1

+

does not depend ondoes not depend on e
a t !!!!!!

constantconstant

The  The  ““ shakingshaking ”” due todue to [ t-h , t ] inputinput is independent of the is independent of the current oldnesscurrent oldness of the of the systemsystem

( ( MarkovMarkov process )process )



TI INFORMATIONTI INFORMATION
Selective Disclosure43

JacquesJacques MEQUINMEQUIN
NICE  NICE  EWTBUEWTBU /  DTE/  DTE

2012 2012 j-mequin @@ti.com

x = xΦΦΦΦ + ΦΦΦΦ - 1

a
u tt - ht Φ Φ Φ Φ = e

a h
orderorder 00

putting  everything  togetherputting  everything  together

b

constant                              constantconstant                              constant
amazingly trivial 

compared to SpiceSpice
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e
a t

e
A t

( ( 19 + 1 methodsmethods … ))

Aa

Bb

invert(invert( A ))1

a

* ( ( matricialmatricial productproduct ))

SARCSARC equations are also applicable to equations are also applicable to STATE MODELSTATE MODEL matricesmatrices

Xx

e
A t

e
A t

A A=
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SARC SARC 
ERRORERROR ??????
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floatingfloating number

complexcomplex number

ΦΦΦΦ = e
A h

input interpolationinterpolation

float                double                   long doublefloat                double                   long double

choose finer calculationcalculation methodmethod

( may be jeopardized by polespoles configuration )

orderorder

stepstep

bits           bits           3232 6464 8080 9696 128 128 
digitsdigits 7                   16 19   34

exponentexponent ≈≈≈≈ ± 38               ≈≈≈≈ ± 308            ≈≈≈≈ ± 4932     ≈≈≈≈ ± 4932

x87x87 standardstandard

IEEE  STANDARD  754EulerEuler

Can I help Can I help ??????

SARC SARC ERRORERROR
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SARCSARC stepstep ERRORERROR

λ(λ(λ(λ(ττττ) ) ) ) = (ττττ - t ) … ( ττττ - t )

ξ  ξ  ξ  ξ  ∈∈∈∈ interpolationinterpolation involved involved segmentssegments

*

Lagrange Lagrange interpolationinterpolation stepstep errorerror

εεεε =
stepstep

nn00

interpolation  pointsinterpolation  points

contribution ofcontribution of interpolationinterpolation toto

interpolation

with
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a2

order n = 0 stepstep constantconstant = uu t - h

b  e 
a t

e 
- a ττττ dττττ

t - h

t

τ τ τ τ - ( t - h )
d uu( t )

d t
supsup=εεεε((((k ))))

stepstep

d uu( t )
d t

supsup= Φ Φ Φ Φ - ah - 1

order n = 0 stepstep constantconstant = uu t

b  e 
a t

e 
- a ττττ dττττ

t - h

t

τ τ τ τ – ( t )
d uu( t )

d t
supsup=

d uu( t )
d t

supsup= (1 - ah ) ΦΦΦΦ - 1

1
b

a2

1

εεεε((((k ))))
stepstep

εεεε((((k ))))
stepstep

εεεε((((k ))))
stepstep

b

[ t - h , t ]

[ t - h , t ]

[ t - h , t ]

[ t - h , t ]

1 !

1 !

S0B
S0B

S0E
S0E

interpolation

interpolation

interpolation

interpolation
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order n = 1

b  e 
a t

e 
- a ττττ dττττ

t - h

t

τ τ τ τ – ( t - h )
d uu( t )

d t
supsup=

d uu( t )

d t
supsup= (2 - ah ) ΦΦΦΦ - a h - 2

2 a 3

1

εεεε((((k ))))
stepstep

εεεε((((k ))))
stepstep

b

[ t - h , t ]

[ t - h , t ]

2 !

τ τ τ τ – ( t )

2

2

interpolation  pointsinterpolation  points

t - huu tuu&slope  slope  betweenbetween

S1S1

2

interpolation

interpolation
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φφφφ1 -

εεεε

εεεε((((ii ))))

SARCSARC cumulatedcumulated interpolationinterpolation ERRORERROR

RECURSIVITY RECURSIVITY εεεε((((k)))) = ΣΣΣΣ φφφφ
ii = 1 

kk
kk – ii

<<
φφφφ kk1 -

φφφφ1 -

forfor largelarge kk

stepstep

stepstep

cumulatedcumulated

εεεε((((k))))

<<εεεε( t )
cumulatedcumulated maxmax

εεεε

asymptoticasymptotic

errorerror majorantmajorant
( ( proof of proof of absolute stability  absolute stability  ))

only
large

cumulatedcumulated maxmax

t t == kk hh

interpolation

interpolation

interpolation

interpolation

interpolation

maxmax

stepstep
interpolation

maxmax

constant  “ majorant ”

MAJORANT

MAJORANT
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estimatedestimated SARCSARC errorerror ,  in practice,  in practice
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εεεε((((kk))))εεεε((((k)))) = φφφφ
stepstep

+
cumulatedcumulated

a2

t - h

uu( t ) – uu( t -h )

hh
= Φ Φ Φ Φ - ah - 1

1
bεεεε((((k ))))

stepstep

cumulatedcumulated SARCSARC error  error  can be  can be  estimatedestimated at at run timerun time

exampleexample ,, for   order n = 0 with stepstep constantconstant = uu

εεεε((((kk -- 11))))
cumulatedcumulated

( k ) εεεε((((k -1))))
cumulatedcumulated

εεεε(((( k ))))
cumulatedcumulated

,εεεε
cumulated cumulated maxmax

≈≈≈≈ max

∆∆∆∆ u
∆∆∆∆ t

interpolation

interpolation interpolation
interpolation

interpolation interpolation interpolation

due todue to interpolation interpolation 
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^

X

SARCSARC SUMMARYSUMMARY

UΣΣΣΣ C
nn = 0

orderorder

tt -- nn ** hhnnΦΦΦΦ t -h
+

εεεε ∆∆∆∆ UC
orderorder

ΦΦΦΦ t -h +
h

U multi inputsinputs
vector

Y

Y

multi outputs outputs 
vectors

runtimeruntime
estimated

interpolation errorerror

recursive convolutionrecursive convolution

recursive convolutionrecursive convolution

ΦΦΦΦ = e
A h

U
( order + 1 )( order + 1 )

estimatedestimated
tt

order + 1order + 1

likely to engender low noise

interpolation

err

X

X
t

εεεε
t

interpolation

t -h
error
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TEST TEST 
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Cadence Orcad pspice 9.1 student
( C1 R1 )   – 4 C1 L1 = - 4 E-9

2  

cosinuscosinus

natural  frequencynatural  frequency

== 5 5 KHzKHz

periodicperiodic
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inputinput = cos (w t )

vc1 theoreticaltheoretical

test casetest case

stress @ tt 00

5 periodsperiods
((natural frequencynatural frequency ))

1 periodperiod
cosinuscosinus

1 periodperiod
cosinuscosinus

inductance overshootinductance overshoot
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SARCSARC versus ILTILT

t - h t

u( t - h )

u( t )

order 0
vc1 error

SARCSARC
versus  theoreticaltheoretical

methods comparisonmethods comparison

10       !!!!!!- 11≈≈≈≈

LagrangeLagrange interpolationinterpolation

S0B
S0B
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SARCSARC
majorant error
interpolationinterpolation

constant
majorant

( for large t )

constant
majorant

( for large t )

SARCSARC
runtime estimated error
interpolation

runtime
calculated

max

runtime
calculated

max

inaccurate
for small tt
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( theoretical  theoretical  - SARCSARC ) - runtimeruntime estimatedestimated interpolationinterpolation errorerror

The interpolationinterpolation is predominantly predominantly responsible of the SARC SARC error error 

The ““ runtimeruntime estimated estimated interpolationinterpolation errorerror ”” is a convenient metricconvenient metric

full full SARCSARC error error 
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- 0 . 0 0 0 4

- 0 . 0 0 0 3

- 0 . 0 0 0 2

- 0 . 0 0 0 1

 0

 0 . 0 0 0 1

 0 . 0 0 0 2

 0 . 0 0 0 3

 0 . 0 0 0 4

 0  0 . 0 0 0 5  0 . 0 0 1  0 . 0 0 1 5  0 . 0 0 2  0 . 0 0 2 5  0 . 0 0 3

" . S 0 B c o s "  u  1 : 1 7

" . S 0 E c o s "  u  1 : 1 7

- 6 e - 0 0 8

- 4 e - 0 0 8

- 2 e - 0 0 8

 0

 2 e - 0 0 8

 4 e - 0 0 8

 6 e - 0 0 8

 8 e - 0 0 8

 0  0 . 0 0 0 5  0 . 0 0 1  0 . 0 0 1 5  0 . 0 0 2  0 . 0 0 2 5  0 . 0 0 3

" . S 1 c o s "  u  1 : 1 7

orderorder 0  0  (( S0BS0B & S0ES0E ))10
- 4

10
- 8

orderorder 1  1  (( S1S1 ))SARC SARC error error 
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h

filterfilter

INPUTINPUT

h h h h

IMPULSE  IMPULSE  
responseresponse

IMPULSE  IMPULSE  
responseresponse

IMPULSE  IMPULSE  
responseresponse

IMPULSE  IMPULSE  
responseresponse2h

3h

t

a singlesingle missingmissing

misplacedmisplaced

or aberrantaberrant

input  sample  response

may result in a significantsignificant ERRORERROR

over a long intervallong interval
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hhhh

first execution II LT       LT       ( ( and and …… S0BS0B If we If we neglectneglect thatthat S0BS0B(( t = 0t = 0 )) == 00 by definitionby definition ))

first execution SARC and order order 00 estimated error (( cfcf t t -- hh >=>= 0 0 ))

first execution order order 1 1 estimated error ( ( cfcf 22 ndnd derivative derivative ))

t0
1 2 initialization

initialization
ALLALL U(U( tt )) samples MUST MUST BEBE coherent
in particularin particular for signal not nullnot null in the t = 0 vicinityvicinity

example:example: R L C  R L C  // complex poles complex poles /  /  slow decay  slow decay  // cosinuscosinus inputinput
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S0BS0B S0ES0E S1S1

impulsionalimpulsional responseresponse

1

h

1

h

1

h

h

U(t )

inputinput

BAD
½ energyenergy

BAD
null outputnull outputOK !

1

h

2 1 2 1 21

decaydecay

RR LL C  C  // complex poles complex poles // slow decay slow decay 
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S0B                    S0E                     S1S0B                    S0E                     S1

time  shifttime  shift

Lagrange  interpolation

input signal U( U( tt ))
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BUTBUT
general purpose simulatorsgeneral purpose simulators cascading subcascading sub --circuitscircuits

cannot tolerate initialization missing output samplesoutput samples

U( 0 )

So, the                       is more likely to be S0BS0B

���� ����

similar to II LL TT

orderorder 1 is better than orderorder 0
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Wait a minute ,Wait a minute ,

we have not talkedwe have not talked

aboutabout

PERCUSSIONSPERCUSSIONS
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Q = C  V

Q = C’ V’

C’ = C     V’ = 2 V
1

2
V’ = V 

C

C’

φφφφφφφφ = L i

φφφφφφφφ = L’ i ’

L’ = L     i ’ = 2 i
1

2
i ’ = i

L

L’

L CL C components ““ statestate ““ variables

percussion  percussion  C

percussion  percussion  L

CHARGECHARGE conservation

FLUXFLUX conservation
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PERCUSSIONPERCUSSION

Cadence Orcad pspice 9.1 student

at t =  0.010.01 R0 50 KohmKohm ==>>    10 KohmKohm
at  t =  0.020.02 C1 800 nFnF ==>>  400 nFnF

empty 
capacitance

initialinitial
conditioncondition

½ C

LAPLACE

LAPLACE view
view

C1C1
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percussion R0

percussion C1

XX 22

-6e-014

-4e-014

-2e-014

 0

 2e-014

 4e-014

 6e-014

 8e-014

 1e-013

 0  0.01  0.02  0.03  0.04  0.05  0.06  0.07  0.08  0.09  0.1

"data" u 1:16

ERROR
versus theoretical

10
- 13

In fact, In fact, at least for network not “ degeneratedegenerate ” , it is trivial !!!, it is trivial !!!

At the correct instantAt the correct instant ,, update the update the percurtedpercurted component valuescomponent values ( ( R0R0 oror C1 C1 ))

and  and  for the capacitance  for the capacitance  C1 C1 ““ doubledouble ”” its its STATE VARIABLESTATE VARIABLE voltage voltage 

input  input  =  =  HeavisideHeaviside
(( == >> == >> no interpolation no interpolation errorerror ))
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t -1                       t t+1 

ILTILT

SARCSARC
S0BS0B

SARCSARC versus ILT percussion

+

step n              step n+1

-+- +-

value at  t does not match

theoretical  BURST BURST response

calculated through
DiracDirac distributiondistribution

components 
change

at exactl y t



TI INFORMATIONTI INFORMATION
Selective Disclosure73

JacquesJacques MEQUINMEQUIN
NICE  NICE  EWTBUEWTBU /  DTE/  DTE

2012 2012 j-mequin @@ti.com

differentialdifferential equation
( of a single output )

continuitycontinuity
equations

( chargecharge / fluxflux )

differentialdifferential equation
( of a single output )

before percussion after percussion

old old circuit coefficientscircuit coefficients newnew circuit coefficientscircuit coefficients

transfer functiontransfer function transfer functiontransfer function

statestate
stepstep evolutionevolution

input

initial conditions
vector

vector

output
vector

circuit coefficients     circuit coefficients     stepstep hh

I LI L
TT

2009
2009

SARC
SARC

2010
2010

t    t- +

by means of
“ distributionsdistributions ”

SS IISS
OO

MM
IIMM

OO
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releaserelease
4.14.1

Component  PERCUSSIONComponent  PERCUSSION

ofof

LLinear  inear  TTime  ime  IInvariant    nvariant    
analog  circuit analog  circuit 
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WhatWhat ’’s going on betweens going on between

tt andand tt ??????-- ++
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Digital and Analog simulations are the 2 faces of a  same coinDigital and Analog simulations are the 2 faces of a  same coin

In the digital worlddigital world architects require ( through ESL )  high level functional
simulations to perform numerous “ what if ” and analysis in order to challenge 
the concept and to increase confidence about its validity

Unfortunately in the analog worldanalog world architects do have much less tools and 
methodologies available to perform equivalent high level functionalhigh level functional simulations

In many cases,  SPICE  SPICE  turns to be the only practical approachthe only practical approach

This is unfortunate because SPICESPICE is so low level that its runtimeruntime quickly
becomes a bridle to the architect ambition

LessLess experiments,experiments, LessLess tested alternatives,tested alternatives, Less Less confidenceconfidence ……
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““ NODALNODAL ”” equations based on  KCLKCL
(  Kirchhoff  Kirchhoff  Current  Current  Law    Law    ΣΣΣΣ ΙΙΙΙ =  0 )

[ [ GG ]     [ ]     [ VV ]  =  [ ]  =  [ Ι  Ι  Ι  Ι  Ι  Ι  Ι  Ι  ]]*

SPICESPICE
SSimulation PProgram with IIntegrated CCircuit EEmphasis

nodesnodes

NONNON--LINEARLINEAR COMPONENTCOMPONENT behavior is approximated by doing iterationsiterations (convergenceconvergence)
based on NewtonNewton --RaphsonRaphson method ( improvement of an equation root “ guess ” )

==>  recurrence==>  recurrence

current current source  source  
( ( ““ NortonNorton ”” equivalent for equivalent for VoltageVoltage ))

conductanceconductance

NUMERICAL  INTEGRATION  NUMERICAL  INTEGRATION  ( for linearlinear inductancesinductances and capacitances capacitances ) ) is approximated

according to 3 3 useruser --selectable selectable methods : Trapezoidal Trapezoidal , backwardbackward --EulerEuler , GearGear

“Gaussian” elimination
to make it  “ triangular ”
then substitutions …
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Trapezoidal Trapezoidal Better accuracy than stability Better accuracy than stability 
may oscillate in some casesmay oscillate in some cases

Backward EulerBackward Euler Average accuracy and stabilityAverage accuracy and stability

GearGear--22 Better stability than accuracy Better stability than accuracy 
Most stable methodMost stable method

Why several different methods ? Why several different methods ? 

Depending on theDepending on the ““ expectedexpected ”” waveformwaveform , one method may have an advantage over another

What makes them strong or weak ? What makes them strong or weak ? 

AccuracyAccuracy How much error (Local Truncation Error ) each method introduces ?

StabilityStability Does the error accumulate ( that's badthat's bad ) or decrease to zero ( that's goodthat's good ) over time ?

NUMERICAL  INTEGRATIONNUMERICAL  INTEGRATION ( for linearlinear inductances inductances and capacitancescapacitances ))

Each method has its own strengths and weaknessesEach method has its own strengths and weaknesses
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NewtonNewton --RaphsonRaphson iteration to solve for nodal voltages

breakbreak

not convergenot converge

not convergenot converge

SPICESPICE ““ convergenceconvergence ”” control  variablescontrol  variables

ITL1 ITL1 number of iterations allowed for a bias point calculation
VNTOL VNTOL node voltagevoltage tolerance tolerance 

RELTOL RELTOL fractional tolerance tolerance of voltagesvoltages and currents currents 
ABSTOL ABSTOL current current branch tolerancetolerance

number of iterations  > ITL1ITL1

check the solution against 
VNTOLVNTOL and RELTOLRELTOL

check branch currents
( known from the nodal voltages )
against ABSTOLABSTOL and RELTOLRELTOL
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SPICESPICE
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LLinear   inear   TTime  ime  IInvariant    nvariant    
analog  circuitanalog  circuit

obeys the laws of superpositionsuperposition

does not change its behavior over time

( i.e.  constant  intrinsic  parametersconstant  intrinsic  parameters )

*
*

**
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What is happening when
we close this switch  ???

This is very easy to simulate with SPICESPICE
( even if other kinds of circuitry change could be tricky )

The presented work intends to really focus on an
equationalequational answeranswer to the question :

What is happening  ???What is happening  ???
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CC

preserved chargepreserved charge
Q(Q( tt-- ))

V( t- ) CC V( t+ )

= 2 V( t- ) 

other example:

capacitancecapacitance

change  ?

QQ == CC VV

V  =V  =

1

2

QQ

CC

V

C C

Q
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variation of 
permeability ( µµµµ )

variation of 
surface

variation of 
length R

L

C
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percussionpercussion
Definition:

1) musical instruments that are hit: the group of musical instruments 
that produce sound by being struck, including drums and cymbals, or the 
section of the orchestra playing such instruments

2) act of detonating percussion cap: the striking or detonating of a 
percussion cap in a firearm 

3) impact: the impact of one object striking another, or the noise or 

shockshock created when two objects hit each other

4) medicine tapping of body: examination of part of a patient's body by 
tapping with the fingers to assess the presence of fluid, the enlargement 
of organs, or the solidification of normally hollow parts 
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Component  Component  PERCUSSIONPERCUSSION
ofof

LLinear    inear    TTime  ime  IInvariant    nvariant    
analog  circuit analog  circuit 

obeys the laws of superpositionsuperposition

does not change its behavior over time

( i.e.  constant constant intrinsic  parametersintrinsic  parameters )

*

*

*

*

Wait a minute , is there anything wrong with the title of this presentation ???
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LLinear   inear   TTime  ime  IInvariant    nvariant    
analog  circuitanalog  circuit

LLinear   inear   TTime  ime  IInvariant    nvariant    
analog  circuitanalog  circuit

t - t +t
previous R new R

percussionpercussion

???
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“ zero timezero time ” algorithm 
based on the circuit
intrinsicintrinsic parameters
not a convergence !not a convergence !

VECTORVECTOR STATE[STATE[ tt-- ]]

t - t+t
previous R new R

percussionpercussion

VECTORVECTOR STATE[STATE[ tt+  +  ] ] 

EQUATIONSEQUATIONS*

*

(  y y’ y” … ) (  y y’ y” … )
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t +t
R

percussionpercussion

VECTORVECTOR STATE[STATE[ tt00+  +  ] ] 

EQUATIONSEQUATIONS*

circuit  
“ at restat rest”

Moreover,
the circuit “ initializationinitialization”
is just a particular case of such 

instantaneousinstantaneous state changechange

0 0

“ zero timezero time ” algorithm 
based on the circuit
intrinsicintrinsic parameters
not a convergence !not a convergence !

*

(  y y’ y” … )
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In summary, a PERCUSSIONPERCUSSION can be

a “ sharpsharp” change of the  INPUT   ( including INITIALIZATIONINITIALIZATION )

an “ INSTANTANEOUSINSTANTANEOUS ” change of   R , L or  C

However,

the processing of INPUT and COMPONENT PERCUSSIONSPERCUSSIONS being “ similarsimilar ”

but one modeling an external shockexternal shock
and the other one an internal structural changeinternal structural change

in this IInverse nverse LLaplace aplace TTransformransform software package

a “ sharpsharp ” change of an  INPUT is referenced as a  DISCONTINUITYDISCONTINUITY

but  a modification of  R,  L or C is effectively called a  PERCUSSIONPERCUSSION
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In fact, we are playing with words

a discontinuitydiscontinuity on the INPUT results in a percussionpercussion of the circuitry

a percussionpercussion of a COMPONENT results in a discontinuitydiscontinuity on the OUTPUT
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EQ  : [
vr1  =   R1 * ir1        ,
vl1  =  ZL1 * il1        ,
vc1  =  ZC1 * ic1        ,
ir1  =  il1              ,
ir1  =  ic1              ,
V    =  vr1 + vl1 + vc1

] ;

MAXIMAMAXIMA ( Computer Algebra SystemComputer Algebra System )

solve ( eliminate ( EQ , [ vl1, vc1, ir1, il1, ic1 ] ) , vr1 ) ;
solve ( eliminate ( EQ , [ vr1, vl1, vc1, ir1, ic1 ] ) , il1 ) ;
solve ( eliminate ( EQ , [ vr1, vl1, ir1, il1, ic1 ] ) , vc1 ) ;

applying

Kirchhoff  Kirchhoff  laws

SymbolicSymbolic
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UNFORTUNATLY,UNFORTUNATLY,

Multiple approaches exist  Multiple approaches exist  to modelto model such kind of filters :such kind of filters :

Laplace TransformLaplace Transform

State ModelState Model

Differential equationsDifferential equations

Differential equationsDifferential equations by means of DistributionsDistributions++
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firstfirst modeling  approachmodeling  approach

Laplace  TransformLaplace  Transform



TI INFORMATIONTI INFORMATION
Selective Disclosure96

JacquesJacques MEQUINMEQUIN
NICE  NICE  EWTBUEWTBU /  DTE/  DTE

2012 2012 j-mequin @@ti.com

LAPLACELAPLACELAPLACELAPLACELAPLACELAPLACELAPLACELAPLACE transformtransform

FFFFFFFF xxxxxxxx(( f f ) ) =      =      LLLLLLLL xxxxxxxx(( j j 2 2 π π π π π π π π ff ))
FourierFourier == LaplaceLaplace

convolutionconvolution
productproduct

forfor causal causal energy boundedenergy bounded signalssignals
1749  1749  -- 18271827



TI INFORMATIONTI INFORMATION
Selective Disclosure97

JacquesJacques MEQUINMEQUIN
NICE  NICE  EWTBUEWTBU /  DTE/  DTE

2012 2012 j-mequin @@ti.com

LaplaceLaplace “ss” ( or “pp” )  transformtransform

terminology resistanceresistance RR impedanceimpedance Z( Z( ss ))

conductanceconductance GG admittanceadmittance Y( Y( ss ))
immittanceimmittance
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important  NOTEimportant  NOTE

HH

The concept of  Transfer FunctionTransfer Function assumes that 

the inputinput and outputoutput are  ideal (= no interferinginterfering impedanceimpedance )

H12                                             H1              H12                                             H1              H2H2

inin outout

UNIT gain OPAMP may be used to safely cascade  FILTERSFILTERS

in                                                          outin                                                          out

single single inputinput / single outputoutput ( SISOSISO )
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ZL1 =      L1 * ss

1
ZC1 =

C1 * ss
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Those 3 “ transfer functionstransfer functions” have the general form 

An expression of the Y(t) “ time responsetime response” can be determined

( or its decomposition ) can be 

whenwhen retrieved from an

Inverse Laplace Transform TableInverse Laplace Transform Table

Obviously, this supposes that a “ ss” transform of the INPUT X(t) is known !!!

( transmittance )( transmittance )
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DECOMPOSITIONDECOMPOSITION

CASCADE

CASCADE

MODAL

MODAL
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HEAVISIDEHEAVISIDE

DIRACDIRAC
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secondsecond modeling  approachmodeling  approach

STATE   MODELSTATE   MODEL
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look at its dedicatedlook at its dedicated
power point presentationpower point presentation

STATE   MODELSTATE   MODEL
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thirdthird modeling  approachmodeling  approach

Differential   EquationDifferential   Equation
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is to use its equivalent time domain “ differential equationdifferential equation ”

A generic method to simulate the “time domain ” response of  the transfer function

This only requires that samplessamples of the INPUT X( t ) can be evaluated

LCCODELCCODE :: linear constant coefficient ordinary differential e quationlinear constant coefficient ordinary differential e quation

Differential  EquationDifferential  Equation
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They are numerous methods available to integrateintegrate Ordinary Differential EquationOrdinary Differential Equation (ODE)

Among them, the RK4 method ( “fourth order” RungeRunge --KuttaKutta ) is both accurate ( error O(h ) ) 
and easy to implement

Expecting for y( t + h )y( t + h ) an expression such as

due to supernumerary (free) variables,
several possible set of coefficients k1, …, k4
are acceptable solutions

The following choice is generally The following choice is generally 
very convenientvery convenient

it is based on the determination of the value of the coefficients that  “matchmatch ” the 
Taylor seriesTaylor series expansion at order 4

assuming

5
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HEAVISIDE HEAVISIDE “ generalizedgeneralized functionfunction ”

DIRAC DIRAC “ generalizedgeneralized functionfunction ”

DISTRIBUTIONSDISTRIBUTIONS

Laurent SchwartzLaurent Schwartz established it as a “ mesuremesure ” ( a particular subspecies of his “ distributionsdistributions ” theorytheory )

( Fields medalFields medal in in 19501950 )

< T , ϕϕϕϕ >
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noncausalnoncausal signalsignal

causalcausal signalsignal

anticausalanticausal signalsignal

DEFINITIONSDEFINITIONS
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Y( t ) =                  y( t ) H( t )

Y’( t ) =    y’( t ) H( t )   +    y( t ) H’( t )  =   y’( t ) H( t )  +  y( 0 ) δδδδ( t )
the expression of next derivative will simplify as

Y’’ ( t ) =   y’’ ( t ) H( t )   +  y’( 0 ) δδδδ( t )  +   y( 0 ) δδδδ’( t )
etc . . .

H’( t )   =            δδδδ( t )                         H’( t - a )  =           δδδδ( t - a )

f( t ) δδδδ( t )   =   f( 0 ) δδδδ( t )                    f( t ) δδδδ( t - a )  =   f( a ) δδδδ( t - a )

important  relationsimportant  relations

Let us consider a signal y( t ) ,  its ““ CAUSALCAUSAL representationrepresentation ”” is Y( t )

The next thing to do would be to show what is 
happening when we inject those definitions
into the differential equationsdifferential equations of the circuit

maybe another day . . .maybe another day . . .

Note : ( u v )( u v ) ’ =   u=   u’ v  +  u vv  +  u v ’
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STABILITYSTABILITY
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For higher order systems that have many poles, 

the poles that are further to the rightfurther to the right of the ss--planplan will dominatedominate the response
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Numerically ,  there is another issue

f  =  100 Mhz ==>>    ωωωω =     2222 ππππ f =   6.28   10

ωωωω =   3.94   10

ωωωω =   2.48   10                                          
. . .

8

2                                                          17

3                                                           26

polepole orderorder

Such very large  ±± exponentexponent are also found in the Y( t )Y( t ) high order derivativeshigh order derivatives

( f      f      ���� stepstep hh very smallvery small and  powered  powered  as hh , hh , hh ,, . . . )
2      3

NOTE:NOTE: To minimize this issue the ILT packageILT package is coded ““ internallyinternally ”” with floating

“ long doublelong double ” ( x87x87 standard :standard : 80 80 bitsbits / / 1919 digitsdigits // ≈≈≈≈≈≈≈≈ ±± 49324932 exponent  exponent  ))

quantum slice of the period                                     accordingly to TAYLOR expansion
must be SHANNON compliant to avoid aliasing
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None of 3 methods presented structurally structurally handlehandle percussions 
since, by hypothesis , the circuit is assumed  LLinearinear TTimeime IInvariantnvariant

NeverthelessNevertheless ,,

simulating the original circuit “up to” t

then,then, “starting at” t , simulating a modified circuitmodified circuit
having as “ initial conditionsinitial conditions ” the final valuesfinal values reached
just before  before  the percussionpercussion

does play the trickdoes play the trick !!!

This is OK !!!, but the making of such simulator simulator changing thechanging the user defined circuituser defined circuit
during the runtimeduring the runtime is likely to be clumsyclumsy

The aim of this presentation is precisely to claim th atThe aim of this presentation is precisely to claim th at

an equationalequational solution existsolution exist to stickstick , all along the simulationall along the simulation ,,
with a more with a more seamless approachseamless approach

-
+
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NAPANAPA
1515 years  ago,years  ago,

Yves LeducYves Leduc who is the ownerowner , developerdeveloper and enhancerenhancer of an ”” inin --househouse ””
analog functional simulator analog functional simulator ( named NAPANAPA ) has asked me to

develop a plugplug --inin performing the Inverse Laplace TransformInverse Laplace Transform

Along the years,Along the years, collecting new algorithms in the literature and on the web
NAPANAPA has succeed to become a unique collection of state of the artstate of the art
mathematical librarymathematical library feature ( sophisticated sophisticated FFTFFT windows, windows, noisenoise analysis, etc analysis, etc …… ) 
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For the ILT package , the output Y[ t ] of a  transfer function is the same

if INPUT[ t ] is changing while INPUT[ t - h ] did also change value

or  if INPUT[ t - h ] was maintaining a steady value

such heuristic (that neglects step step ““ input variationinput variation ”” )  enables the ILT package 
to behave independently of the INPUT derivatives  
( in line with the STATE MODELSTATE MODEL activated by a steady steady inputinput during a step interval )

Therefore ,  such ILT processing can be viewed as “ Markovian ”

This is particularly well adapted to  non-vectorial simulator such as 
NAPA that can consequently consider any filter as an ordinary function
to which it has trivially to provide just a simple “ scalar ” INPUT “ sample ”
at each call

NAPA “ ILTILT” plug -in hypothesis

the state of such process at time  t is independent of the history of the process before its previous state
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= 0= 0 = 0= 0

XX( t ) causal XX( t ) = xxxx( t )  ΗΗΗΗ( t )

developing this differential equation differential equation even witheven with input xxxx ( t ) = 0 and xxxx ( t ) = 0

still leave the opportunity for the numerator coefficientsnumerator coefficients N2N2 and N1N1

to contribute to the  YY( t ) output response equation               

“ ‘

N2N2
N1N1
N0N0



TI INFORMATIONTI INFORMATION
Selective Disclosure118

JacquesJacques MEQUINMEQUIN
NICE  NICE  EWTBUEWTBU /  DTE/  DTE

2012 2012 j-mequin @@ti.com

The “Markovian” approach of the ILT package is motivated by another tactical choice

To assume that the INPUT potentially may contain some sharp discontinuities

( Initialization being one of them    ILTILT curves at “ t “ match the theory )

and consequently, not to assume , estimate (nor “interpolate”), any smoothness
of the INPUT

This would cost to store (to an arbitrary chosen depth ) a vector of the previous 
INPUTs and to interpolateinterpolate them to compute associated derivatives

This would also add some extra pain in case of  STEP changes  (rere--samplingsampling )

belief of a 
smooth INPUT 

based on
derivatives

belief of a
sharp INPUT 
based on

discontinuity
assumptions

0+0+

In other words , the expectation to accurately calculate the response to some sharp
signal is somewhat tight to the necessity of a brut forcebrut force processing of the INPUT
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Quality of the LINEAR response  ???

So, the output of the ILT package is calculated as

ODE step integration ( RK4 )

identical FILTER at rest

output
Y[ t ]

and derivatives+

+

+

-

input
X[ t - h ]
without 

derivatives

input
X[ t ]

without 
derivatives

input discontinuity

delta( X[ t ] )

steady input

output
discontinuity contribution

at   “ t -”

In summary ,  the hypothesis of sharp INPUT based on discontinuity assumptions
enables accurate responses of  “ switched ” type of circuits 
( in particular,  the proper calculation of  filter “ impulse response ” ) 

However ,  for “ smooth ” input ,  the error is closely tight to the user STEP granularity

response depending on all  N[ k ] & D[ k ]

“inertial” trajectory

the ILT package uses RK4 for historical reasons,  a simpler integration shou ld be OK
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ILT_init_LAPLACEILT_init_LAPLACE (  )(  ) to define the transfer function transfer function NUMERATOR NUMERATOR 
DENOMINATORDENOMINATOR

and the “ time steptime step ”

ILT_change_hILT_change_h (  )(  ) enable ‘ on the fly’ change of the  “ time steptime step ”

ILT_step_LAPLACEILT_step_LAPLACE (  )(  ) input ( k + 1 ) == >>    output ( k + 1 )

ILTILT plug -in  package  functions :
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After all those fascinating (?) slides of introduct ion, 

Now ,  we can go back to our frightening question : 

Component  PERCUSSIONComponent  PERCUSSION
ofof

LLinear  inear  TTime  ime  IInvariant    nvariant    
analog  circuit analog  circuit 

What  is  happening  ???What  is  happening  ???
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VV
+

-

Ι  Ι  Ι  Ι  ????????????????????????

the  currentcurrent
will take whatever value
as a consequence of the 

connected circuit

ΙΙΙΙΙΙΙΙ

the  voltagevoltage
will take whatever value
as a consequence of the 

connected circuit

V V ????????????????????????

““ IDEALIDEAL ”” SOURCESSOURCES

Ι  Ι  Ι  Ι  fixe

V V fixefixe

In both cases,  the VOLTAGEVOLTAGE and CURRENT CURRENT are not  “ interdependentinterdependent ”
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R- R+

IR-

VR- VR+

IR+

t - t +percussion

At the precise instant of the percussion ,

VRδδδδ and IRδδδδ are paradoxically no longer “interdependentinterdependent ”

since the “percuted ” component can be viewed (during such null time ) as an “ideal source ”
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PERCUSSION

short circuit

” ideal source ”
but  for a null time !!!

INPUT
“ ideal source ”

propagationpropagation

1

2

2  stages mystery  . . .2  stages mystery  . . .

vRvR

ff(( vRvR , filter coeffs ))
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This is a very ambitious assumptionassumption regarding the assumed impact of the coefficients on  the 
behavior of the targetedtargeted differential equation differential equation variablesvariables , demonstration is beyond this presentation

ILT PERCUSSION processing

FIRST stage : ”” COMPONENTCOMPONENT”” PERCUSSIONPERCUSSION

ILTILT plug-in  package function:    ILT_percussionILT_percussion(  )(  )

Please remember that the ILTILT package initializationinitialization has only defined
the coefficientscoefficients NumeratorNumerator / DenominatorDenominator of some transfer functionstransfer functions

for example, the numerical  valuesnumerical  values
of the polynomial  coefficientspolynomial  coefficients
N =N = [ nn1 , 00 ] and D =D = [ dd2 , dd1 , 11 ]

Can we just make a callCan we just make a call to a to a functionfunction with an updatedupdated set of polynomial

coefficients (computed, for example, using a new value of “ R1R1” )
withoutwithout passingpassing the information that  a RR,  a LL, or a CC has changed ???
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Yes !!! , equationsequations can be found using ““ DISTRIBUTIONDISTRIBUTION”” formalismformalism
( ( as expectedas expected , they predominantly depend on the , they predominantly depend on the old old & & newnew denominator coefficientsdenominator coefficients ))

but . . .

it is OK to “ percutepercute thethe Transfer FunctionTransfer Function ” representative of the voltagevoltage , 
or the currentcurrent , across a  RESISTORRESISTOR

for a CAPACITANCECAPACITANCE value change , it is mandatory to “ percutepercute ” the voltagevoltage
since the current current and the charge QQ will remain unchanged by the percussionpercussion
It is the voltagevoltage that will evolveevolve , according to the new CC, to maintain Q = Q = CCVV

for an INDUCTANCEINDUCTANCE value change , it is mandatory to “ percutepercute ” the currentcurrent
since the voltagevoltage and the flux flux φφφφφφφφ will remain unchanged by the percussion percussion 
It is the currentcurrent that will evolveevolve , according to the new LL, to maintain φφφφφφφφ = = LL II

If several components have simultaneouslysimultaneously to change their values
they must do it through several consecutive ( several consecutive ( 2 stages2 stages ) ) percussionspercussions
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VALID  SIMULATIONSVALID  SIMULATIONS

R VR( s ) = H( s ) input ( s ) IIIIR( s ) = H( s ) input ( s ) VR( s ) = H( s ) input ( s ) IIIIR( s ) = H( s ) input ( s )

L VL( s ) = H( s ) input ( s ) IIIIL( s ) = H( s ) input ( s ) VL( s ) = H( s ) input ( s ) IIIIL( s ) = H( s ) input ( s )

C VC( s ) = H( s ) input ( s ) IIIIC( s ) = H( s ) input ( s ) VC( s ) = H( s ) input ( s ) IIIIC( s ) = H( s ) input ( s )

never  never  percutedpercuted sometimes  sometimes  percutedpercuted



TI INFORMATIONTI INFORMATION
Selective Disclosure128

JacquesJacques MEQUINMEQUIN
NICE  NICE  EWTBUEWTBU /  DTE/  DTE

2012 2012 j-mequin @@ti.com

ILT PERCUSSION processing

SECOND stage :    PERCUSSION  PERCUSSION  ““ PROPAGATIONPROPAGATION ””

ILTILT plug-in  package function: ILT_export_percussionILT_export_percussion(  )(  )

Now that an updated value of the voltagevoltage (or current current ) across the “ percutedpercuted ”

component has been computed, we mustwe must update the voltagevoltage ( or current current )
across any other outputany other output for which the user has defined, at initializationat initialization ,
an observableobservable transfer functiontransfer function

That is, for our RLCRLC example, iL1iL1 & vC1vC1

HOW  TO  DO  IT   ???HOW  TO  DO  IT   ???
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equationsequations can be found using  ” DISTRIBUTIONDISTRIBUTION”” formalismformalism

to superposesuperpose to their current OUTPUT  OUTPUT  value at ““ tt ““ the effectthe effect

of the main discontinuitymain discontinuity propagated through the virtual circuitvirtual circuit

So, we have to predefine, for those OUTPUTsOUTPUTs requiring a side effectside effect
of the main percussionmain percussion , a set of null execution timenull execution time (( !!!!!! ))
transfer functionstransfer functions modeling those OUTPUTsOUTPUTs in the virtual circuitvirtual circuit

The “ percuted ” component  will act ( but for a null timenull time )

as an ideal ideal INPUT INPUT source source within aa virtual circuitvirtual circuit having

a  short circuitshort circuit in place of the regular regular INPUTINPUT !!!!!!

-
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ILT_init _LAPLACE(  pILT_vr0_x   ,  h  ,  N_vr0_x  ,  D_vr0_ x   ,  2  ,  2  ,  0 )  ; 
ILT_init_ LAPLACE(  pILT_vc1_x  ,  h  ,  N_vc1_x  ,  D_vc1_x  ,  1  ,  2  ,  0  ) ;
ILT_init _LAPLACE(  pILT_vc2_x  ,  h  ,  N_vc2_x  ,  D_vc2_x   ,  1  ,  2  ,  0  ) ;

vr0   = ILT_step _LAPLACE( pILT_vr0_x  , x ) ;
vc1  =  ILT_step _LAPLACE( pILT_vc1_x  , x ) ;
vc2  = ILT_step _LAPLACE( pILT_vc2_x  , x ) ;

if  ( percussion_R0 )  {
UPDATE_ALL_COEFFS( new_R0new_R0 ) ;

vr0  =                ILT_percussion ( pILT_vr0_x )                                                  ;
vc1  = ILT_export_percussion ( pILT_vr0_x , pILT_vc1_x , pILT_vc1_$vr0pILT_vc1_$vr0 ) ;
vc2  =  ILT_export_percussion ( pILT_vr0_x , pILT_vc2_x , pILT_vc2_$vr0  ) ;

}

if  ( percussion_C1 )  {
UPDATE_ALL_COEFFS( new_C1 new_C1 ) ;

vc1  =               ILT_percussion ( pILT_vc1_x )                                                  ;
vr0  =  ILT_export_percussion ( pILT_vc1_x , pILT_vr0_x  , pILT_vr0_$vc1  ) ;
vc2  =  ILT_export_percussion ( pILT_vc1_x , pILT_vc2_x , pILT_vc2_$vc1 ) ;

}

step  fromstep  from

previousprevious tt toto tt --

stage stage #11 R0R0 percussionpercussion

stage stage #22 propagationpropagation

INITINIT

virtual  circuitvirtual  circuit
vc1  vc1  == H(H( vr0 vr0 ))

stage stage #11 C1C1 percussionpercussion

stage stage #22 propagationpropagation

simulation model: ALL percuted component ILTILTss ++ user observed signal ILTILTss
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2 stages
PERCUSSION processing 

instantaneous
percussion effect at  t-

t - h t

usual ILT processing

ODE  integration   from  t - h to  t-
Heaviside delta input toggling at  t-

ILTILT PERCUSSION  processing  summary

+

- +
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RR VVRR = H ( ss )  input ( ss )

IIIIIIIIRR = H ( ss )  input ( ss )

IIIIIIIILL = H ( ss )  input ( ss )

VVCC = H ( ss )  input ( ss )

LL

CC

IIIIIIII

IIIIIIII

V

V

COMPONENT       PERCUSSIONCOMPONENT       PERCUSSION

WARNING: VVRR and IIIIIIIIRR are no longer trivially related

,

ΙΙΙΙΙΙΙΙ

VV
+

-

+

-
,

+

-
,,

derivativesderivatives of those IDEAL SOURCESIDEAL SOURCES
do also have their own equationsequations

ΙΙΙΙΙΙΙΙ

VV

VV

,,
ΙΙΙΙΙΙΙΙ
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capacitance percussion

CC is divided by  22

at the precise instant 
of the percussion 
there is nothing very
impressive in the fact that 
the equations predict 
the doubling of the voltage

but the equations are priceless
in predicting how the circuit
will behave immediately after
the percussion due to 
the symbolic expressions 
of the derivativesderivatives

VC =  f( inputinput )voltage is
multiplied by 2

from now onfrom now on the curve becomes the resultantthe resultant of a newa new freefree --modemode + forcedforced --modemode
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VV
+

- ΙΙΙΙΙΙΙΙ

t             t
- +

t

or

percuted component

for
RR & CC

for
RR & LL
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TEST TEST 
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““ WIREWIRE ”” test

Polynomial ( ss )

“same” Polynomial ( ss )

INPUTINPUT
signalsignal

errorerror

+

-

Assuming that the FILTER is stablestable , this is expected to behave as an ideal ideal ““ wirewire ””

FILTER
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(s + 1)(s + 2)(s + 3)(s + 4)(s + 5)

(s + 1)(s + 2)(s + 3)(s + 4)(s + 5)
ka * coscos ( wa * t ) + kb * sinsin ( wb * t )

““ WIREWIRE ”” test
this filter is “ stablestable ” by construction

to increase stressstress this activation does not start at 0

INPUT error 

output( 0 )  will only depends on
this firstthis first input sample 

and the filter coefficientsfilter coefficients
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1111

( ( ( ( ττττ ss )   +   2  ( ττττ ss )   +   2  ( ττττ ss )   +   1 
33 22

““ IMPULSIONALIMPULSIONAL ”” response

Third order  Butterworth
1

h

h
t

a “ unique step ” not atat ““ groundground ””

OUTPUT error

0.25 1E-5

INPUT areaarea
=  1=  1

“ RK4 RK4 ” errorerror

only 2 discontinuity error discontinuity error pointspoints

0 h
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PERCUSSIONPERCUSSION

Cadence Orcad pspice 9.1 student

at t =  0.010.01 R0 50 KohmKohm ==>>    10 KohmKohm
at  t =  0.020.02 C1 800 nFnF ==>>  400 nFnF

empty 
capacitance

initialinitial
conditioncondition

½ C

LAPLACE

LAPLACE view
view

C1C1
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VC1 output error on  VC1 output

percussion R0

percussion C1

The INPUT of this test case is a trivial HEAVISIDE HEAVISIDE 
Therefore, there is no contribution of the ”” ILT packageILT package ”” INPUT  intrinsicintrinsic sampling  error 
method to this filter  output response

This is a This is a favorable situationfavorable situation to measure to measure on its own on its own the the percussion processingpercussion processing qualityquality

10E-12 range !!!

XX 22

versus  theoreticalversus  theoretical
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SPICESPICE is a matrix based solver
computing the behavior of some  ( linearlinear and /or nonnon --linearlinear )  global circuitglobal circuit by 
the full evaluation of its possibly very ( very ) large number of individual NODESNODES

INTEGRATIONINTEGRATION (and NON-LINEARITY ) are handled through “ iterativeiterative ” heuristics

for Linear Time InvariantLinear Time Invariant (L T IL T I )  circuit,
TRANSFER FUNCTIONTRANSFER FUNCTION models the behavior of a singlesingle observed signalobserved signal

The DENOMINATORDENOMINATOR reflects the complexity of the circuitcircuit STATESTATE “as a wholeas a whole ”
Therefore , to limit the polynomial orderpolynomial order this method is reserved to small circuitsmall circuit

Nevertheless, the advantage of a TRANSFER FUNCTION TRANSFER FUNCTION is that the associated 
DIFFERENTIAL EQUATIONDIFFERENTIAL EQUATION allows the manipulation of the overall circuitcircuit STATESTATE
through ”” algorithmic equationsalgorithmic equations ””

This is why this facilitates the modeling of  PERCUSSIONSPERCUSSIONS
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PERCUSSIONSPERCUSSIONS also occur in a “ pinball ”

By analogy with a Differential EquationDifferential Equation , the metal ball has a trajectorytrajectory

An instantaneous shock instantaneous shock on an obstacleobstacle is enough to change it foreverforever . . .
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Brook TaylorTaylor 1685  - 1731

Marquis Pierre-Simon LaplaceLaplace 1749 - 1827

Joseph FourierFourier 1768 - 1830

Gustav Robert KirchhoffKirchhoff 1824  - 1887

Oliver HeavisideHeaviside 1850 - 1925

Carl RungeRunge & Martin Wilhelm KuttaKutta method             1901

Paul Adrien Maurice DiracDirac 1902 - 1984

Laurent SchwartzSchwartz 1915 - 2002

M I TM I T MacsymaMacsyma ( now MaximaMaxima )                           late 1960s

SPICE 1SPICE 1 public domainpublic domain 1972

HALL  of  FameHALL  of  Fame
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